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Abstract 

In this paper, we study the following of backward stochastic differential 
equations driven by a G-Brownian motion (B t )t>o in the following form: 

Y t = £ + J f(s,Y s ,Z s )ds + J g{s,Y s ,Z a )d{B) s 

T 

Z s dB s - (K T - K t ). 

Under a Lipschitz condition of / and g in Y and Z. The existence and 
uniqueness of the solution (V, Z, K) is proved, where K is a. decreasing 
G-martingale. 

Key words: G-expectation, G-Brownian motion, G-martingale, Backward 
SDEs 

MSC-classification: 60H10, 60H30 



1 Introduction 

A typical classical Backward Stochastic Differential Equation, BSDE in short, 
is defined on a Wiener probability space (tt,T,P) in which f2 is the space of 
continuous paths. A standard Brownian motion is defined as the canonical 
process, namely B t (uj) = uj t , for u> 6 Q, together with its natural filtration 
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F = (J 7 t)t>o- The problem is to solve a pair of F-adapted processes (Y,Z) 
satisfying the following BSDE 

Y t=Z + J t g{s,Y s ,Z s )ds- J Z s dB s , (1.1) 

where g is a given function, called the generator of ([l.ip . and £ is a given Tt~ 
measurable random variable called the terminal condition of the BSDE. 

Linear BSDE was introduced by Bismut .2, 1973]. The basic existence and 
uniqueness theorem of nonlinear BSDEs, with a Lipschitz condition of g with 
respect to (y,z), was obtained in Pardoux & Peng [TUJ 1990]. Peng [TTJ 1991a] 
established a probabilistic interpretation, through BSDE, of system of quasi- 
linear partial differential equations, PDE in short, of parabolic and elliptic types, 
under a strong elliptic assumption. Then Peng [T3J 1992] and Pardoux & Peng 
[T2l 1992] obtained this interpretation for possibly degenerate situation. This 
interpretation which established a 1-1 correspondence between a solution of a 
PDE and the corresponding state dependent BSDE is the so-called nonlinear 
Feynman-Kac formula. Since then and specially after the study of BSDE in 
[6] with application to finance, BSDE theory has been extensively studied. We 
refer to a survey paper of [33J for more details of the theoretical studies and 
applications to, e.g., stochastic controls, optimizations, games and finance. 

Under some suitable condition imposed to the generator g, this BSDE was 
used to define a nonlinear expectation £ 9 [£] := Y , called ^-expectation (see 
[T4j Pengl997]). This ^-expectation is time consistent, namely the conditional 
expectation f 3 ^]^] is well-defined, under which the solution process Y t is a 
nonlinear martingale Y t = £ 9 [£\J-t\. In fact it was proved that there exists a 
1-1 correspondence between a set of 'dominated' and time-consistent nonlinear 
expectations and that of BSDEs (see [3j). 

There are at least two reasons to study BSDEs and/or the corresponding 
time-consistent nonlinear expectations outside of a classical probability space 
framework. The first one is that the classical BSDE can provide a probabilistic 
interpretation of a PDE only for quasilinear but not fully nonlinear cases. The 
second one is that the well-known HJB-equation method of volatility model 
uncertainty (see pQ) is difficult to treat a general path-dependent situation to 
measure financial risks. This problem is also closely related to defining an impor- 
tant type of time-consistent coherent risk measures (or sunlinear expectation) 
for which the probabilities involved in the robust representation theorem are 
singular from each others. 

The notion of time-consistent fully nonlinear expectations has been estab- 
lished in JT3J Peng2004] and [TBI Peng2005]. The main approach of [TS] is to 
establish a new type of 'path-dependent value function' of a stochastic optimal 
control system, in which the time consistency was able to be obtained through 
the corresponding path-dependent dynamic programming principle (DPP). 

In |16j a canonical space of nonlinear Markovian paths was defined. A nonlin- 
ear expectation, together with it's time-consistent conditional expectations, was 
defined firstly on a subspace of finite-dimensional cyclic functions of canonical 
paths, through a sublinear Markovian semigroup, step by step and backwardly 
in time. This expectation and the corresponding conditional expectations were 
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then extended to the completion of the above subspace of cyclic functions by 
using the Banach norm induced by this sublinear expectation. Existence and 
uniqueness of a type of multi-dimensional fully nonlinear BSDE was obtained 
in this paper. 

As a typical and important situation of the above nonlinear Markovian pro- 
cesses, Peng (2006) introduced a framework of time consistent nonlinear ex- 
pectation called G-expectation E[-] (see lecture notes of [22] and the references 
therein) in which a new type of Brownian motion called G-Brownian motion 
was constructed and the corresponding stochastic calculus of Ito's type was 
established. 

Using this stochastic calculus the existence and uniqueness of SDEs driven 
by G-Brownian motion can be obtained, in a way parallel to that of classical 
theory of SDE, through which a large set of fully nonlinear Markovian and non 
Markovian processes can be easily generated. But the corresponding BSDE 
driven by a G-Brownian motion (B t )t>o becomes a challenging and fascinating 
problem. 

Just like in the classical situation, the first and most simplest BSDE in this 
G-framework is the corresponding G-martingale representation theorem. For 
a dense family of G-martingales, Peng [T5] obtained the following result: a 
G-martingale M is of the form 

M t = M + M t + K t , 

M t : = [ z s B s , K t f Vs (B) s - [ 2G(r) s )ds. 
Jo Jo Jo 

Here M is decomposed into two types of very different G-martingales: the first 
one M is called symmetric G-martingale for which — M is also a G-martingale. 
The second one K is quite unusual since it is a decreasing process. How to un- 
derstand this new type of decreasing G-martingales has become a main concern 
in the theory of G-framework, which rised an interesting open problem (see |18) 
and [22]). 

An important step is to decompose an G-martingale M into a sum of a 
symmetric G-martingale M and a decreasing G-martingale K. This difficult 
problem was solved after a series of successive efforts of Soner, Touzi & Zhang 
[25] 2011] and Song [23 2011], (28] 2012]. Another important step is to give 
a completion of random variables in which the non increasing G-martingales 
K in the decomposition of the G-martingale E t [£] can be uniquely represented 
K t := Jq i]s (B) s ~~ Jo 2G(r] s )ds. Thanks to an original new norm introduced 
in Song [28, 2012] for decreasing G-martingales, a representation theorem of 
G-martingales in a complete subspace of Lq(£It) has been obtained by Peng, 
Song and Zhang [H 2012]. 

In considering the above G-martingale representation theorem, a natural 
formulation of a BSDE driven by G-Brownian motion is to find a triple of 
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processes (Y, Z, K), where K is a decreasing G- martingale, satisfying 




£+ / f(s,Y s ,Z s )ds+ / g(s,Y s ,Z 8 )d(B) s (1.2) 



Z s dB s ~{K T -K t ). 



The main result of this paper is the existence and uniqueness of a triple (Y, Z, K) 
which solves BSDE lfL~2) , see Theorem |4"H and B~2"1 

To prove the existence and uniqueness, two new approaches have been in- 
troduced. The first one is applying the partition of unity theorem to construct 
a new type of Galerkin approximation, in the place of the well-Known Picard 
approximation approach frequently used in classical BSDE theory. The second 
one involves Lemma 3.4 for decreasing G-martingales, which helps us to use our 
G-stochastic calculus obtain the uniqueness, as well as the existence part of the 
proof. Estimate (|2.ip originally obtained in [37] also plays an important role. 

Now let us compare the results of this paper with the existing results con- 
cerning fully nonlinear BSDEs. 

For the case where the generator / in (1.2) is independent of z and g = Q, 
the above problem can be equivalently formulated as 



The existence and uniqueness of such fully nonlinear BSDE was obtained in 
[TrJl Peng2005] and [T8] , [22] ■ This approach was used to treat many interesting 
problem corresponding fully nonlinear PDE and/or system of fully nonlinear 
PDEs, in which each component u l of the solution is associated to its own second 
order nonlinear elliptic operator (see [22]). But a drawback of this formulation is 
that it is difficult to treat the case where the generators / and/or g contain the z- 
terms (but the z-term can be integrated in the nonlinear Markovian semigroup, 
see PH Peng2005] and [2J). 

Soner, Touzi and Zhang 26, 2012] have obtained an existence and uniqueness 
theorem for a type of fully nonlinear BSDE, called 2BSDE, whose generator 
can contain Z-tcrm. Their solution is (Y, Z, K r )p & -p^ which solves, for each 
probability PePf, the following BSDE 



for which the following minimum condition is satisfied 

iff = ess inf Ef '[KZ], P-a.s., VP G "P5-, t G [0, T]. 
P'e7>s(t+,P) 

But in their paper the processes (-RT p )p g -p« are not able to be "aggregated" 
into an 'universal K\ This is a drawback in the sense that the quantity of 
calculation for solving this 2BSDE is still involved an complicated optimization 
problem with respect to the original subset of probabilities V%. In our paper the 
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triple (Y, Z, K) is universally defined within the G-Brownian motion framework. 
The method of our paper can be also applied to many other situations. 

The paper is organized as follows. In section 2, we present some preliminaries 
for stochastic calculus under G-framework. Some estimates for the solution of 
G-BSDE are established in section 3. In section 4 the existence and uniqueness 
theory is provided. 

2 Preliminaries 

We review some basic notions and results of G-expectation and the related space 
of random variables. More details of this section can be found in [T7], [TS], [T5] . 

Definition 2.1 Let be a given set and let % be a vector lattice of real valued 
functions defined on Q, namely c G H. for each constant c and \X\ G % if X G %. 
rl is considered as the space of random variables. A sublinear expectation E onW 
is a functional E : % — > R satisfying the following properties: for all X,Y G H, 
we have 

(a) Monotonicity: If X >Y then ELY] > E[Y]; 

(b) Constant preservation: E[c] = c; 

(c) Sub-additivity: E[X + Y}< E[X] + E[Y]; 

(d) Positive homogeneity: E[XX] = XE[X] for each A > 0. 

(rjj'HjE) is called a sublinear expectation space. 

Definition 2.2 Let X\ and Xi be two n-dimensional random vectors defined 
respectively in sublinear expectation spaces (Oi,Hi,Ei) and (f^, H2, E2). They 

are called identically distributed, denoted by X\ = X%, ifE\\tp(Xi)\ = E2[f{X2)\, 
for all ip € G/.Lip(K n ); where G/.Li P (IR n ) is the space of real continuous functions 
defined on W 1 such that 

\f(x)-f(y)\ <C(l + \x\ k + \y\ k )\x-y\ for all x,y G R n , 

where k and C depend only on ip. 

Definition 2.3 In a sublinear expectation space (f2,"H,E), a random vector 
Y = (Yi,- ■ -,Y n ), Yi G H, is said to be independent of another random vec- 
tor X — (Xi, ■ ■ -,X m ), Xi G rl under E[-], denoted by Y \LX , if for every test 
function f G C LLip (W n x R") we have E[<p(X,Y)] = E[E[<f(x, Y)] x= x]. 

Definition 2.4 (G-normal distribution) A d-dimensional random vector X = 
{Xi, - ■ -,X e i) in a sublinear expectation space (f2,?^,E) is called G-normally 
distributed if for each a,b > we have 

aX + bX= Va 2 + b 2 X, 
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where X is an independent copy of X , i.e., X — X and XJ-X . Here the letter 
G denotes the function 

G(A) := -E[{AX,X)] : § rf ->■ R, 
where S>d denotes the collection of d x d symmetric matrices. 

Peng [20] showed that X = {X\,- ■ -,Xd) is G- normally distributed if and 
only if for each 93 £ G. Lv (R rf ), u(t,x) := E^z + V*^)], € [0,oo) x M d , 

is the solution of the following G-heat equation: 

<9 t w - G(Z)^) = 0, u(0,x) = if{x). 

The function G(-) : — > K is a monotonic, sublinear mapping on 
and G(A) = §E[(AX,X)] < ±|A|E[|X| 2 ] =: ±|A|ct 2 implies that there exists 
a bounded, convex and closed subset T C Sj" such that 

G(A) = -suptrfrA], 

where §J denotes the collection of nonnegative elements in Sd- 

In this paper we only consider non-degenerate G- normal distribution, i.e., 
there exists some a 2 > such that G(A) - G(B) > a_Hr[A - B] for any A > B. 

Definition 2.5 i) Let — Co([0, T]; K d ), t/ie space of real valued continuous 
functions on [0, T] with ljq — 0, be endowed with the supremum norm and 
let B t {io) — Ut be the canonical process. Set :— {ip{B tl , B tn ) : n > 
l,ti,...,t n £ [0, T],</3 £ Ci.Li p (M. dxn )}. G-expectation is a sublinear expectation 
defined by 

E[X] = El^iVh^h^i, ■ ■ ; y/tm-tm-iU)], 

for all X = if(B tl - B to ,B t . 2 - B tl ,- ■ -,B tm - B tm _ t ), where • ■,£„ are 
identically distributed d-dimensional G-normally distributed random vectors in 
a sublinear expectation space (Q, H, E) such that is independent o/(£i, £j) 
for every i = 1, • • •, m — 1. (J7T,'Hy,E) is called a G-expectation space. 

ii) Let us define the conditional G-expectation Et of £ £ Wj> knowing , for 
t £ [0, T] . Without loss of generality we can assume that £ has the representation 
£ = tp(B tl - B ta ,B t2 - B tl ,- ■ -,B tm - B tm _ 1 ) with t = U, for some 1 < i < m, 
and we put 

E t MBu-B t0 ,B t2 -B tl ,--;B tm -B tm _ 1 )] 
= <p(Bt! - B to ,B t2 — B tl ,- ■ -,B ti - B ti _ x ), 

where 

{p(x x , ■ ■ -,Xi) = E[(p(x 1 , ■ ■ -,Xi,B u+1 - B u ,- ■ -,B tm - B tm _ 1 )}. 

Define ||£|| P)G = (E[|£| p ]) 1/p for £ £ H% and p > 1. Then for all t £ [0,T], 
E t [-] is a continuous mapping on Tl^ w.r.t. the norm || • ||i,g- Therefore it can be 
extended continuously to the completion Lq(Q,t) of under the norm |j ■ ||i,g- 
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LetL lp (n T ) :={cp(B tl ,...,B tn ) : n > 1, t u t n £ [0,T]^ £ C b . Llp (R dxn )}, 
where Cb.Li P {R dxn ) denotes the set of bounded Lipschitz functions on R dx ™. 
Denis et al. [5] proved that the completions of C&(S1t) (the set of bounded 
continuous function on fiy), H°r and Li p (ftr) under || • \\ Pi g ar e the same and 
we denote them by L g (Q,t). 



Definition 2.6 Let M G (0,T) be the collection of processes in the following 
form: for a given partition {to, • ■ - ,£jv} = n T of [0,T], 

N-l 

where & e L ip (D, u ), i = 0, 1, 2, • • •, JV - 1. For p > I and n e M°(0,T), 
ief Idling = {E^l^l 2 ^)^ 2 ]} 1 ^, II^H^ = {E^to.fd*]} 1 /* and denote 
fry H G (0,T), Mq(0,T) the completions of M G (0,T) under the norms \\ ■ \\h^, 
|| • || M g respectively. 

Theorem 2.7 (^ T/iere exists a tight subset V C .Mi (fir), iAe set o/ 
probability measures on (fin B(&t))> such that 

E[£] = sup /or al/ £ € 

Pep 

■p is called a set that represents E. 

Remark 2.8 Denis et al. JBj/ gave a concrete set Vm that represents E. For 
simplicity, we only introduce the 1-dimensional case, i.e., fir = Co([0,T];R) . 

Let (n°,T a ,P°) be a probability space and {Wt} be a 1-dimensional Brown- 
ian motion under P°. Let F° — {J-®} be the augmented filtration generated by 
W . Denis et al. £5]/ proved that 

V M --={Ph-Ph = P °X-\X t = f h s dW s ,h£L 2 F o([0,T};\a,a])} 

Jo 

is a set that represents^,, where L^ o ([0,T]; [ct, <?]) is the collection of F° -adapted 
measurable processes with g_< \h s \ <a. Here 

a 2 := -E[-B 2 ] < E[B 2 } =: a 2 . 

For this 1-dimensional case, 

G(a) = -E[aB 2 } = \p 2 a + - a 2 a~]. 

Let V be a weakly compact set that represents E. For this V , we define 
capacity 

c(A) := supP(A), AeB(fl T ). 
PeP 
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A set A C fir is polar if c(A) = 0. A property holds "quasi-surely" (q.s. for 
short) if it holds outside a polar set. In the following, we do not distinguish two 
random variables X and Y if X = Y q.s.. We set 

L p (n t ) := {X £ B(ftt) : sup £p[|A| p ] < 00} for p > 1. 
Per 

It is important to note that L p G (yi t ) C V(fl t ). We extend G-expectation E to 
V(il t ) and still denote it by E, for each X £ L 1 (J7t), we set 

E[X] = sup 
Pev 

For p > 1, L p (f2 t ) is a Banach space under the norm (E[| ■ | p ]) 1 / p . 

Furthermore, we extend the definition of conditional G-expectation. For 
each fixed t > 0, let (Ai)2 =1 be a partition of B(f2j), and set 

71 

i=l 

where r\i £ Lq(Q,t), i — 1, • ■ • >ti. We define the corresponding conditional 
G-expectation, still denoted by E s [-], by setting 

n n 

E s [J2 V 1 Ia 1 ] := J] E s [%] J Al for s > t. 

i= 1 i— 1 

The following lemma shows that the above definition of conditional G-expectation 
is meaningful. 

Lemma 2.9 For each £,77 £ Lq(CIt) and A £ B(VL t ), if (I a > V^A q.s., then 
%[$Ia >%Wa q-s.. 

Proof. Otherwise, we can choose a compact set K c A with c(K) > such 
that (E t [£] — E t [r/])~ > on K. Since K is compact, we can choose a sequence 
of nonnegative functions {( n }r?=i C G(,(fit) such that I Ik- By Theorem 31 
in [5], we have 

E[C„(£-77)-HE[/ K (£-77)-] 

and 

E[C„E t [(C - r?)-]] I E[/ A -E f [(£ - n)~]]. 

Since 

E[Cn(e-»7)-]=E[CnE t [(e- J?)"]], 

we have 

&[I K Et[(Z -»?)-]] =E[J Jf (e-»?)-]=0. 

Noting that 

(E t [e]-E t [77])-<E t [(e -»;)-], 

we get E t [(£ - J?)"] >0onX. Also by c(Jf ) > we get E[I K E t [(£ - r?)"] > 0. 
This is a contradiction and the proof is complete. □ 



8 



We set 

n 

L^(0 T ) := U = £> 7 ^ : A * e B ( fi *)>^ e L p G (Q),ne N}. 

i=l 

We have the following properties. 

Proposition 2.10 For each £,r) 6 ' { (f2x)> we /iai>e 

(i) Monotonicity: If £ <rj, then E s [£] < /or any s > t; 

(ii) Constant preserving: 

(iii) Sub-additivity: E t [£ + rj\ < %[£] +%[rj\; 

(iv) Positive homogeneity: If £ £ LQ°°'*(fi t ) and £ > 0, £/ien E t [£r;] = ^E t [^] ; 

(v) Consistency: For t < s < r, we have E s [E r [£]] = E s [£]. 

(vi) E[E t [£]] = E[£]. 

Proof, (i) is direct consequence of Lemma 2.9. (ii)-(v) are obvious from the 
definition. We only prove E[Et[£]] = E[£] for £ which is bounded and positive. 

Step 1. For £ = X2i=i-^» J 7i) where Ki, i = 1,...,N, are disjoint com- 
pact sets and r]i > 0, we can choose tp l m e Cfe(Ot) such that ip l m 1 ATj and 
'Pmfin = f° r * 7^ i' By the same analysis as that in Lemma [2.91 we can get 
EEii^Et[%]]=E[Ei=ita-]- 

Step 2. For £ = X^=i lAiVii where A,-, i = 1, . . . , N, are disjoint sets and 
rfi > 0. For each fixed P € V, we can choose compact sets -ftT^ such that if^ f 
and P(A; - JQj 1 0, then 

AT jV 

E P \S^I M t t [r H ]} = lim £ P [V /r-i E t [^]] 

1=1 i=l 
N 

< lim E[V J*, Etfai]] 

m— )-oo z — * m 
i=l 

AT 

= lim t\S^I Ki m ] 

i=l 

iV 
i=l 

It follows that EEi=i ^A«Et[??i]] < E[^^ =1 Ja^]. Similarly we can prove 

Let L^*(^ T ) be the completion of L^ p '*(fi T ) under the norm (E[| • 
Clearly, the conditional G-expectation can be extended continuously to ITq (Oy). 
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Set 

w-i 

M?>°(0,T) := {vt = ZuI[u,U +1 )W ■ = *o <•••<% = T,£ u G L p (fi tj )}. 

i=0 

For p > 1, we denote by M p (0, T), BP(0, T), S p (0, T) the completion of M*>>°(0, T) 
under the norm ||ry|| MP := (E[/ T \m\ p dt]) x 'P , M\ m := {E[(f* |r h | 2 dt)»/ a ]} 1 / p , 
II^Hdp : = (E[sup tg [o,T] l ? 7t| p ]) 1 ^ p respectively. Following Li and Peng [3], for each 
77 G H p (0,T) with p > 1, we can define Ito's integral / Q T rj s dB s . Moreover, by 
Proposition 2.10 in [9] and classical Burkholder-Davis-Gundy Inequality, the 
following properties hold. 

Proposition 2.11 For each-q,9 G HP(0,T) with a > 1 andp > 0, f G L°°(fi t ), 

E[ / jfcdB.] = 0, 
Jo 




where < c v < C v < 00 are constants. 



Definition 2.12 A process {M t } with values in Lq(Qt) is called a G-martingale 
ifE s [M t ] = M s for any s <t. 

For £ £ Li p {Q,T), let £[£] = E[sup tG [ _ T ] E t [£]], where E is the G-expectation. 
For convenience, we call £ G-evaluation. 

For p > 1 and £ € L ip {9, T ), define ||£|| P)£ = {£ [|£| p ]} 1/p and denote by 
L^Qt) the completion of Li p (f2r) under the norm |j • || Pi £. 

Let £° (0, T) = {h(t, B tlM , ■ -,B tnAt ) :ti,...,t n G [0, T],h G a Lip (R" +1 )}. 
For p > 1 and 77 G S°(0,T), set y| D P = {E[sup te[0iT] \r)t\ p }}* ■ Denote by 
5g(0,T) the completion of 5g,(0,T) under the norm |j • || s p . 

The following estimate will be frequently used in this paper. 

Theorem 2.13 (WH) F °r any a > 1 and S > 0, we have L% +5 {VL T ) C L%(il T )- 
More precisely, for any 1 < 7 < /3 := (a + 5) /a, 7 < 2 and for all £ G Li P (Q,T), 
we have 

E[ sup E t [|e| Q ]] < C{(E[\C\ a+S }) a/{a+S) + (E[|f | Q+S ]) 1/7 }, (2.1) 

te[o,T] 

where C = ^(1 + 14 ££ x i"^). 

Remark 2.14 Bw -71 < A < 1, we have 

E[ sup E f [|£| Q ]] < 2C{(t[\£\ a+s ]) a / {a+ ^ +E[|er +<5 ]}. 

te[o,T] 
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Set d =2inf{^(l + UJ2Zi ■ 1 < 7 < 0,7 < 2}, then 

E[ sup E t [|£H] < C 1 {(E[|^r+ 5 ]) Q /(«+ 5 ) +E[|er+ 5 ]}, (2.2) 
te[o,T] 

w/iere Ci is a constant only depending on a and S. 

For readers' convenience, we list the main notations of this paper as follows: 

The scalar product and norm of the Euclid space 1" are respectively 
denoted by (•, •) and | • |; 

L lp (n T ) :={ip(B tl ,...,B tn ) : n > 1, t u ...,t n e [0,T], <p e C, Llp (M dx ")}; 

IKIkc = m\ p ]) 1/p , U\\p,e = (E[su Pte[0iT] E t [|£l p ]]) 1/p ; 
Lg(Oy) :=thc completion of L ip (V,T) under || • \\ Pi g\ 
L p £ (£It) :=the completion of L^VLt) under || • || Pj g; 

M°(0,T) :={7? t = Ef^oVfe^+oW : = *o < ••• < = T, & € 

IhllMg - {E[/ T |%| p ^]} 1/p , IMItfg = {E[(/ T |% W 2 ]} 1 '*; 

Mg(0,T) :=the completion of Af°(0,T) under || • || M g; 
H^(0,T) :={thc completion of Mg(0,T) under || • ||#p } for p > 1; 
Lp(^t) :={X e B(n T ) : sup PeV E P [\X\P] < oo} for p > 1; 
MP.°(0,T) :-{77 t = E^Io'M^+oW : = to < ■■■ < tjv = T, ^ e 

|H Imp :=(E[/ r | % |Pdt])Vp, |M| HP :={&[(£ \r) t \ 2 dtr/ 2 }}Vr; 
||7?||sp := {E[sup te[0;T] 

MP(0,T) :=the completion of MP<°(0,T) under || • || MP ; 
W(0,T) :=thc completion of MP<°(0,T) under || • \\ m ; 



§ P (0,T) :=thc completion of M^°(0,T) under 



Sg(0,T) ={M*.-BtiAt,"-,-Bt„At) :*i G [0,T],/ 1 eCu lp (r+ 1 )}; 

lulls' = {E[sup te[0iT] |%|"]}»; 

5^(0, T) :=the completion of Sq(0,T) under || ■ \\ s p; 

6g(0,T) := the collection of processes {Y,Z,K) such that F <= Sg(0,T), 
Z e Hq(0,T), K is a decreasing G-martingale with if = and Kt € 
Lg(fir). 
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3 A priori estimates 



For simplicity, we consider the G-expectation space (Ot, Lq^t), E) with fix — 
C o ([0,T],R) and a 2 = E[B 2 ] > -E[-Bf] = a 2 > 0. But our results and 
methods still hold for the case d > 1. 

We consider the following type of G-BSDEs for simplicity, and similar esti- 
mates hold for equation (|1.2j) . 

Y t=t + f t f{s,Y s ,Z s )ds- J Z s dB s -(K T -K t ), (3.1) 

where 

f(t, w, y, z) : [0, r]x!l T xl 2 ^I 
satisfies the following properties: There exists some (3 > 1 such that 

(HI) for any y,z, f(;-,y,z) € M&O.T); 

(H2) \f(t,u,y,z)-f(t,GJ,y',z')\<L(\y-y'\ + \z-z , \) for some L > 0. 

For simplicity, we denote by &q(0, T) the collection of processes (Y, Z, K) 
such that Y £ £g(0,T), Z G ffg(0,T), If is a decreasing G-martingale with 
K = and if T G Lg(0 T ). 

Definition 3.1 Lei £ € L§(fi x ) with (3 > I and f satisfy (HI) and (H2). A 
triplet of processes (Y, Z, K) is called a solution of equation h3.1\) if for some 
1 < a < (3 the following properties hold: 

(a) (Y,Z,K)e&U0,T); 

(b) Y t = £ + jf f(s, Y s , Z s )ds - jf Z s dB s - (K T - K t ). 

In order to get a priori estimates for the solution of equation (|3.ip . we need 
the following lemmas. 

Lemma 3.2 Let X € Sg(0, T) for some a>l. Set 

n-1 

where tf = —, i = 0, • • •, n. Then 

E[ sup |X"-X t | Q ]^0 asn^oo. (3.2) 

*e[0,T] 

Proof. For each given n, m > 1, it is easy to check that 

SUp SUp \B t m - B t n\ a 

i<n-l t™e[t?,*" +1 ] 
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is a convex function, then by Proposition 11 in Peng |17j . we get 

E[ sup sup \Bt V - B t? \ a ] = E P& [ sup sup \B tf - B t n \<*}, 
i<n-l V£ E[t% ,tf +1 ] i<n-l *™£[*™,i? + i] 

where P s is a Wiener measure on J7t such that Ep- [Bf] — a 1 . Noting that 

sup sup \Bfm — B t n\ a j- sup sup |£? t — -B("| a as m t oo, 

i<n-l t£*e[t",t™ +1 ] i<n— 1 t£[*?,t" +1 ] 

we have 

E[ sup sup \B t - B t » | Q ] = £ Ps [ sup sup |B t - B tf \ a ] -> 0. 

i<n-l te[t?,tp +1 ] »<n— 1 te[tf jt^i] 

From this we can get E[sup te r 0;T i |rji — r]^\ a ] — > for each r\ g 5g(0, T). By the 
definition of Sg(0,T), we can choose a sequence (?? m )m=i C 5^(0, T) such that 
E[sup te r 0)T i \X t - n™| a ] ->0asm->oo. Note that 

sup \X t - X?\ < 2 sup \X t - n t m | + sup |r?r - fa m )?l, 
te[o,T] te[o,T] te[o,T] 

then we obtain (|3.2p by letting n — ¥ 00 first and then m — > 00. □ 



Lemma 3.3 Let X" 6e as in Lemma HOI and a* = -^r- Assume that K 
is a decreasing G-martingale with Kq = and Kt G (^t)- T7ien we have 

E[ sup I / X^dfT a - / X s di<r s |] ^ as n4 00. 
tefo.ri Jo Jo 



Proof. 



sup I / XyK s - f X s dK s 
te[o,T] Jo Jo 

Jo 

< sup |X s n -X s |(-X T ). 
*e[o,T] 



So we have 



E[ sup I / XyK s - f X s dK s \] < || sup \X? - X 3 \\\ L ~\\K T \\ La . ^0 

te[0,T] JO J0 sG[0,T] 

as n — > 00. □ 

Lemma 3.4 Let X € 5g(0,T) /or some a > 1 and a* = -zr- Assume that 
K 3 , j = 1, 2, are two decreasing G -martingales with Kq = and K 3 T £ (^t)- 
TTien the process defined by 

•t 

XfdK]+ I X7dKl 
is also a decreasing G-martingale. 
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Proof. Let X n be as in Lemma [3.21 By Lemma [3.31 it suffices to prove that 
the process 

^2 



Jo Jo 



is a G-martingale. By properties of conditional G-expectation, we have, for any 

* e[t?,i? +1 ], 

E t [X+ [K$n +i - Kin ) + Xfn (K^ - K% )} 

= X+ {K] - K\ ) + X' n (K 2 - K\ ) . 

From this we obtain that ^{X^+dK] + f*(X™)~dK 2 is a G-martingale. □ 

Now we give a priori estimates for the solution of equation (I3.1[) . For this 
purpose, a weaker version of condition (H2) is enough. 

(H2') \f(t,u,y,z)-f(t,u,y',z')\ < L w {\y-y'\ + \z-z'\+s) for some L w ,s > 0. 

In the following three propositions, C a will always designate a constant 
depending on a,T, L w , a, which may vary from line to line. 

Proposition 3.5 Let f satisfy (HI) and (H2'). Assume 

Y t=Z + J f(s,Y 8 ,Z s )ds- J Z s dB s -(K T -K t ), 

where Y € § a (0,T), Z G H"(0,T), K is a decreasing process with Kq = 
and Kt G L Q (f2y) for some a > 1. Then there exists a constant C a := 
C(a,T,a,L w ) > such that 

E{( T \Z s \ 2 ds)%} <G Q {E[ sup |YtH + (E[ sup \Y t \ a ])i(E[( f f°ds) a ])i}, 

Jo te[0,T] f£[0,T] Jo 



(3.3) 

n\K T \ a ] < C a {E[ sup \Y t \ a ] + E[( f f°ds) a }}, (3.4) 
te[o,T] Jo 

where /° = \f(s,0,0)\ + L w e. 



Proof. Applying Ito's formula to \Y t \ 2 , we have 

\Y \ 2 + [ \Z s \ 2 d{B) s = \i\ 2 + [ 2Y s f(s)ds- [ 2Y s Z s dB s - [ 2Y s dK s , 
Jo Jo Jo Jo 

where f(s) = f(s,Y s ,Z s ). Then 

rp rp rp rp 

([ \Z s \ 2 d{B) s )% <C a {\t\ a +\ [ YJ(s)ds\%+\ [ Y,Z B dB.\S+\ f Y s dK s \%}. 
Jo Jo Jo Jo 
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By Proposition 12.111 and simple calculation, we can obtain 



\Z s \ 2 ds)^} < C a {\\Y\\^ + llyll^PO^r])^ + (E[( / /»<"])*]}. 
o Jo 



(3.5) 

On the other hand, 

K T =£-Y + [ f(s)ds- [ Z s dB s . 
Jo Jo 

By simple calculation, we get 

E[\K T \ a } < C a {\\Y\\% a +E[( [ T \Z s fdsr/ 2 } + E[( [ T /»«*]}. (3.6) 

Jo Jo 

By 123]) and !|3l>]) . it is easy to get ([22]) and ([3^i|) . □ 

Remark 3.6 In this proposition, we do not assume that (Y,Z,K) belong to 
6g(0,T). 

Proposition 3.7 Let £ e L P G {VL T ) with j3 > 1 and / satisfy (HI) and (H2'). 
Assume that (Y, Z, K) € 6^(0, T) for some 1 < a < f3 is a solution of equation 
niH). Then 



(i) There exists a constant C a := C(ct,T,a, L w ) > such that 

\Y t \« < C a E t [\S\ a + J \f°\<*ds], (3.7) 

E[ sup \Y t \ a ]<C a E[ sup E f [|e| a + / \f°\ a ds}}, (3.8) 
te[o,T] *G[0,T] Jo 

where f s = |/(s, 0, 0)| + L w e. 

(ii) For any given a' with a < a' < f3, there exists a constant C a ^ a i depending 

on a, a' , T , a, L w such that 

E[ sup \Y t \ a }<C a , a ,{E{ sup EM\ a }} 
te[o,T] te[o,T] 

+ (E[sup Et[(/ f°ds) a '}])^ +E[ sup E t [([ f°ds) a '}}}. 
te[o,T] Jo te[o,T] Jo 

(3.9) 

Proof. For any 7, e > 0, set Y t — \Y t \ 2 + e a , where e a = e(l — a/2) + , applying 
Ito's formula to Y t a ^ 2 e' yt , we have 
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f t «/V* + 7 y e^ s Y s a/2 ds + - J e^ s Y s a/2 - 1 Z 2 s d(B) s 
= (Id 2 + e Q ) Q/ V T + a(l - ~) | T e ^f s Q / 2 - 2 r s 2 Z s 2 d(B) s 

,r ,r 

+ J ae^Y s a ' 2 ~ 1 Y s f{s)ds- J ae^ s Y s a/2 ^(Y s Z s dB s +Y s dK s ) 

< (\e + ^T I2 ^ T + a(l - |) ^ e^/ 2 " 1 ^!?), 

+ / T ae^K s Q / 2 - 1 / 2 |/( S )|d S - (Mr - M t ), (3.10) 



where f(s) = f(s, Y s , Z s ) and 



'0 Jo 



From the assumption of /, we have 

i-T 



Qe 7*y s C*/2-l/2| /(s) | ds 

< j\e"'Y s a ' 2 - 1 ' 2 {f a +L w \Y s \ + L w \Z s \)ds 

< (at* + / T e^' 2 *, + f T e^Y s ^Z 2 d(B) s 

fT 

+ J ae 7S f s Q/2 ^ 1/2 |/ s °|ds. (3.11) 
(i) By Young's inequality, we have 

j ae^Ys^-^lf^ds < {a- I) J e^ s Y s a ' 2 ds + J e^'|/ s | Q ds. (3.12) 
By (j3~TU)l . (PTTTj) and (J3IT5J, we have 

i> t «/2 e 7* + ( 7 _ 5 ) ^ e"Y a a '*d8 + Q(a ~ 1} ^ ^V/ 2 - 1 ^^), 
< (lei 2 + e Q ) Q/2 e^ T + ^ e"|/.T*> - (M T - M t ), 
where a = aL w + a + a i\ a -i) ~ !• Setting 7 = a + 1, we have 

< (IC| 2 + ^r /2 e^ T + ( T e^\fs\ a ds. 
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By Lemma [3H1 M t is a G-martingale, so we have 

y t Q /V* < E t [(|£| 2 + e a ) Q /V T + / e^\fXds]. 



By letting e 1 0, there exists a constant C Q := C a (T, L w ,a) such that 



iyr <c tt E t [|^r+^ T |/ s °rd S ] 



It follows that 

E[ sup \Y t \ a ]<C a E[ sup E t [|e| Q + / |/?| a d*]]. 
te[o,r] te[o,T] Jo 

(ii) By dnUDD and (|3~TT|) and setting 7 = aL w + ^fjX) + 1 > then we § et 

y t Q / 2 e^ < E f [(|C| 2 + e Q ) a/2 e 7T + C ae~< s Y s a l 2 - l l 2 f s ds]. 



By letting e 1 0, we get 

W < C a E t [|e| a + J lYs^flds]. (3.13) 

From this we get 

\Y t \ a <c a {%m a )+E t [ sup mr 1 / T />]} 

se[o,T] Jo 

<C a {E t [|en + (E t [ sup \Y s \^ a "])^(E t [([ T /»«'])£}, (3.14) 
se[o,T] Jo 

where a'* = " , . Thus we obtain 

a — 1 

E[ sup |n| a ]<C a {||e||« e + || sup ly.r^Ha'-.gll f T f°ds\\ a ,, £ }. 
te[o,r] se[o,T] Jo 

It is easy to check that (a — l)a'* < a, then by (|2.2I) there exists a constant C 
only depending on a and a' such that 

11 sup mr- 1 !!^ <c{(e[ sup i^n)^ 1 + (e[ sup |y*r])^}. 

se[o,T] te[o,T] te[o,T] 

By Young's inequality, we have 

cc a {t[ sup lyrD^n ( T f s d S \u>.. £ <\n sup lyn+d^H f ' fid8\\z uE 

te[o,T] Jo 4 te[o,r] Jo 

and 

cc Q (E[ sup |yn)^|| F f°ds\\ auS <h{ sup lyn+d^y I fida\\i u s> 

te[o,T] Jo 4 te[o,T] Jo 

where Ci is a constant only depending on a and a'. Thus we obtain (|3.9p . □ 
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Proposition 3.8 Let /j, i = 1,2, satisfy (HI) and (H2 ! ). Assume 

Yi = e+J t T /<(*, n 1 , ^ - ^ T z:.dB s - - ^), 

where Y l G § Q (0,T), Z l € H"(0,T), is a decreasing process with K\ = 
and K l T £ h a (n T ) for some a > 1. Set Y t = - F t 2 ,Z t = - Z 2 and 
i^t = K} — Kf. Then there exists a constant C a := C(a,T,a, L w ) > such 
that 

[( f \Z s \ 2 ds^} < C a {\\Y\\& + \\Y\\l j^iWY'Wl + H f T fi'°ds\\l G ]}, 

JO ;_, JO 

(3.15) 



where ft = \fi(s, 0, 0)| + L w e, * = 1,2. 

Proof. Applying Ito's formula to jY* | 2 , by similar analysis as that in Proposition 
13.51 we have 

'lilt , ll^2||f 



\\ZU a <C a {\\Y\\i a + \\Y\\^[\\K^\\l G + \m\\l G + || / / s d< G ]}, 
where / s = |/i(s, F s 2 , Z s 2 ) - / 2 (s, F s 2 , Z% )| + L^e. By Proposition we obtain 

II^tIIJg + II^IIJg + II f fsdsWla 

Jo 

<a*{||F%t + ||F 2 ||f a + || f T f^ds\\l G + \\ f f s fi ds\\l G }. 

Jo Jo 

Thus we get ([315]) . □ 

Proposition 3.9 Lei f e £ g (^t) /3 > 1, i = 1,2, and / 4 safe/?/ fffi,) 
and f.ff2'j. Assume that (Y\Z\K' 1 ) e 6 G (0,T) for some 1 < a < (3 are the 
solutions of equation \3. 1}) corresponding to £ z and ft . Set Y t — Yj — Y^ , Z t — 
Z\ - Z\ and K t = K\ - K 2 t . Then 

(i) There exists a constant C a :— C(a, T, a, L™) > such that 

\Y t \ a < C a %[\i\ a + J* \f s \ a ds], (3.16) 

where f s = \h(s, Y?,Z 2 S ) ~ f 2 (s, Y?,Z 2 S )\ + Lfe. 

(ii) For any given a' with a < a' < (3, there exists a constant C a ^ a i depending 

on a, a' , T, a, L w such that 

E[ sup \Y t \ a }<C a , a ,{E{ sup E t [\i\ a }} 
te[o,T] t<£[0,T] 

+ (E[ sup E t [( [ T fsds) a '}})^ + E[ sup E t [( f f s ds) a '}}}. 
te[o,T] Jo te[o,T] Jo 

(3.17) 
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Proof. For any 7, e > 0, applying Ito's formula to (\Y t \ 2 + e Q ) a / 2 e 7t , where 
e a = e(l — a/2) + , by similar analysis as in Proposition 13.71 we have by setting 

7 = «^ + « + ^Sj 

(\Y t \ 2 + e Q ) a /V + ^ ae^(|f s | 2 + e^^YjsdB, + J T - J t 

<m 2 + e a ) a/2 e~< T + £ e^\f s \ a ds 

and 

(\Y t \ 2 + e a r 12 ^ + f ae^ s (\Y s \ 2 + z a ) al2 ~ X Y s Z s dB s + J T - J t 
< (III 2 + e«) a/ V r + f ae^(\Y s \ 2 + e^' 2 ' 1 ' 2 f s ds, 

where 

Jt = /' ae^(\Y s \ 2 + e a ) a ' 2 - l {Y+dKl + Y s 7dK 2 s ). 
Jo 

By Lemma 13.41 J t is a G-martingale. Taking conditional G-cxpectation and 
letting e I 0, we obtain a constant C Q := C a (T, L'i,a) > such that 

\Y t \ a < C a E t [\i\ a + J \f s \ a ds] 

and 

iisr < c a E t [ier + y mp- 1 /.^]- 

By the same analysis as that in Proposition 13.7) we get (|3.17|) . □ 



4 Existence and uniqueness of G-BSDEs 



In order to prove the existence of equation (|3.1[) . we start with the simple case 
f(t,u,y,z) = h(y,z), { = ip(B T ). Here h G C* °°(R 2 ), <p € C b . Lip {M, 2 ). For this 
case, we can obtain the solution of equation (|3.1[) from the following nonlinear 
partial differential equation: 

d t u + G{d 2 xx u) + h(u, d x u) = 0, u(T, x) = tp(x). (4.1) 



Then we approximate the solution of equation (|3.1|l with more complicated / by 
those of equations (|3.1[) with much simpler {/«}. More precisely, assume that 
II /n - f\\ u e -> and (Y n , Z n , K n ) is the solution of the following G-BSDE 



1 t 



i + f /„(*, Y s n , Z:)ds - J* ZyB s - - K"). 



We try to prove that (Y n ,Z n ,K n ) converges to (Y, Z, K) and (Y, Z, K) is the 
solution of the following G-BSDE 

Y t =£+ [ f(s,Y s ,Z s )ds- [ Z s dB s -(K T -K t ). 
Jt Jt 
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One of the main results of this paper is 

Theorem 4.1 Assume that £ £ Lq{VLt) for some (3 > 1 and f satisfies (HI) 
and (H2). Then equation H3.1\) has a unique solution (Y,Z,K). Moreover, for 
anyl<a<P we have Y € S"g(0,T), Z G Hg(0,T) and K T £ L%(Q T ). 

Proof. The uniqueness of the solution is a direct consequence of the a priori 
estimates in Proposition 3.8 and Proposition 3.9. By these estimates it also 
suffices to prove the existence for the case £ £ Li p (VtT) and then pass to the 
limit for the general situation. 

Step 1. f(t, uj, y, z) = h(y, z) with h £ C^°(M 2 ). 

Part 1. We first consider the case £ = (p(Bt — B tl ) with ip £ Cb,Li P 0&) and 
t\ < T. Let u be the solution of equation (|4.1I) with terminal condition ip. By 
Theorem 6.4.3 in Krylov [8] (see also Theorem 4.4 in Appendix C in Peng [22]), 
there exists a constant a £ (0,1) such that for each k > 0, 

||u|| C l + Q /2,2 + Q ([ T _ K ] xR ) < CO. 

Applying Ito's formula to u(t, B t — B tl ) on [ti, T — n], we get 

h(u,d x u){s,B s -B u )ds 

T-K 

d x u{s,B s - B tx )dB s - {K T _ K - K t ), (4.2) 

where K t = \ f t d% x u(s, B s — B tl )d(B) s — f t G{d xx u(s, B s — B tl ))ds is a non- 
increasing G-martingale. We now prove that there exists a constant L\ > 
such that 

\u(t,x)-u(s,y)\ < -Li(Vl* - *| + |ar - t,s€ [0,T],x,y € K. (4.3) 

For each fixed xq G K, set ii(t, x) — u(t, x + ieo)j h is easy to check that u is the 
solution of the following PDE: 

d t u + G{d 2 xx u) + h{u, d x u) = 0, u(T, x) = ip(x + x ). (4.4) 

Define u(t,x) — u{t,x) + L v \xq\ exp(i/,.(T — t)), where L v and Lh are the 
Lipschitz constants of ip and h respectively, it is easy to verify that u is a 
supersolution of PDE (|4.4[) . Thus by comparison theorem (see Theorem 2.4 in 
Appendix C in Peng [55]) we get 

u(t,x + x ) < u(t,x) + L v \x \exp(L h (T - t)), t e [0,T],x G R. 

Since xq is arbitrary, we get \u(t, x) — u{t 1 y)\ < L\x—y\, where L = L v exp(i/jT). 
From this we can get \d x u(t, x)\ < L for each t £ [0,T], x E M. On the 
other hand, for each fixed i < i < T and x € K, applying Ito's formula to 
u(s, x + B s — Bi) on [t,t\, we get 

u(i, x) = E[u(t, x + B i - + J h[u, d x u)(s, x + B s - Bi)ds\. 
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From this we deduce that 

\u(t,x)-u(i,x)\ <E[L\B t - Bt\+L\i-t\] < {La + LVf)^\i - i], 

where L = sup^ ^gj^ \h{x, y)\. Thus we get (|4.3|) by taking L\ = max{L, La + 
L^/T}. Letting n I in equation (|4.2[) . it is easy to verify that 

E[|Y T _ K - C| 2 + / |Z f + {Kt—k - K T ) 2 } -> 0, 

JT-k 

where F t = u(t, S t - B tl ) and Z t = <9 x u(i, B t - B H ). Thus (Y t ,Z t , K t )te[t u T] is 
a solution of equation (13.11) with terminal value £ = ip(Bx — B tl ). Furthermore, 
it is easy to check that Y G S£(h,T), Z G Hg(tx,T) and if T G £g(0 T ) for 
any a > 1. 

Part 2. We now consider the case £ = ip{B tl , £?t — S tl ) with G C&,Li P (R 2 ), 
and the more general case can be proved similarly. For each fixed x G R, let 
u(-,x, •) be the solution of equation (|4.1[) with terminal condition ip(x,-). By 
Part 1, we have 

u(t,x,B t - B tl ) =u(T,x,B T - B tl ) + J h(u,d y u)(s,x,B s - B tl )ds 

-J d y u{s,x,B s -B tl )dB s -{K%-K?), (4.5) 

where Kf = § jj x, B s - B tl )d(B) s - j£ G(9^u(s, a, B s - £ tl ))ds. We 

replace x by i? tl and get 

Y t = Y T +J h(Y s ,Z s )ds-J Z s dB s -(K T -K t ), 
where YJ = it(t, S tl ,B t - B tl ), Z t = d y u{t, B tl , B t - B tl ) and 

K t = l f d 2 y u{s,B tl ,B s -B tl )d(B) s - f G(d 2 y u{s,B tl ,B s -B tl ))ds. 
^ Jti Jti 

Now we are in a position to prove (Y, Z, K) G ©g(0, T). We use the following 
argument, for each given n G N, by partition of unity theorem, there exist 
hf G C£°(R) with the diameter of support A(supp(/if ))< 1/n, < hf < 1, 
^[-n,n](^) < Z)i=i ^™ - 1- Choose x™ such that /if (xf ) > 0. Through equation 
(14. 5j) , we have 

n n = + / E *. n,< )^(^ )ds - / - m - K?), 
j t i=1 J* 

where 2/f< 1 = u(t, x? .B t -B tl ), = d y u(t,x?,B t -B tl ), Y t n = E^i^X"^ 

Z? = Eti z?' l h?(B tl ) and K? = £f =1 Kfhf(B tl ). 

By the same analysis as that in Part 1, we can obtain a constant L2 > 
such that for each t, s G [0,T], x, x', y, y' G M, 



|w(t,x,y) - u(s,x',y')\ < L 2 {y / \t - s\ + \x - x'\ + \y - y'\). 
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From this we get 



\Y t - Y t n \ <J2K(B tl )Ht,x?,B t -B tl )- u(t,B tl ,B t -B tl )\ + \Y t \I[\B H \; 



i=l 

n n 

Thus 

E[ sup \Y t -Y t n \ a }<n(—+ l -^\B tl \r}^0. 

te[t u T] ' n n 

By Proposition 13.81 we have 

t[(( T \Z S -Z:\ 2 ds) a ' 2 ] <C a {E[ sup \Y t -Y t n \ a ] + (n sup \Y t ~Y t n \ a }) 1/2 }, 
Jti te[H,T] te[h,T] 

where C a > is a constant depending only on a, T, L w and a, thus we obtain 
E(f£ \Z S - Z™\ 2 ds) a / 2 -> 0, which implies that Z G H%(t x ,T) for any a > 1. 

By K t = Y t - Y tl + fl h(Y s ,Z s )ds - / t * Z s d£ s , we obtain 7f t e Lg(fit) for 
any a > 1. We now proceed to prove that if is a G- martingale. Following the 
framework in Li and Peng [5] , we take 

Ki x ) = ^ n+ i-„ + iil}W, i = 0, . • . , 2n 2 - 1, 
h 2ni = 1 ~ ESS"* K- Through equation we get 

y t " = f T - + ^ h{?:\ z:)ds - ^ T zyB s - (k% - k?), 

where Y? = I^u^-n+i.flt-BtJft?^), 2? = E^> tf u(t,-n+i,fl t - 
B tl )hf(B tl ) and if™ = T^Zl K ^ + " K( B ti)- By Proposition EH we have 
E[( |Z 8 - Z"| 2 ds) Q / 2 ] -> for any a > 1. Thus we get E[\K t - if t "| Q ] -> for 
any a > 1. By Proposition l2.101 we obtain for each t x < t < s < T, 

E[\E t [K s ] -K t \}= E[\E t [K s ] - E t [K^} + K? - K t \] 
<t[%[\K a - K™\]]+t[\K? - K t \] 
= E[\K s -K^\]+E[\K?-K t \]^Q. 

Thus we get E t [i£T s ] — K t . For Y tl — u(t\, B tl , 0), we can use the same method 
as Part 1 on [0, t\\. 

Step 2. f(t,u,y,z) = ££i wi th P € Afg(0,T) and ^ G C °°(R 2 ). 
The analysis is similar to Part 2 of Step 1. 

Step 3. f(t,u,y,z) = £iLi/W(j/i z ) with .f e M|(0,T) bounded and 
ft,' € C °°(R 2 ), /i l > and J^Zi h " < L 

Choose/* € M°(0,T) such that |/*| < ||f |U and || M , < 1/n. 

Set / n = £]Lj fnh l (y, z), which are uniformly Lipschitz. Let (Y n , Z n ,K n ) be 
the solution of equation (|3.1[) with generator /„. 
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Noting that 

N N 
i=l i=l 

we have, for any 1 < a < j3, 

Et[( I* fr' n ds) a ] < %[( f T (\f n (s)\ + \f m (s)\)dsn 
Jo Jo 

Thus by Theorem 12.131 we get || f™' n ds\\ a .£ —> as m,Ji -> oo for any 
a £ (l,/3). By Proposition 13 . 91 we know that {Y n } is a cauchy sequence under 
the norm || ■ \\sg- By Proposition 13.71 and Proposition 13. 81 {Z n } is a cauchy 
sequence under the norm || • ||jjg. In order to show that {K^} is a cauchy 

sequence under the norm || • it suffices to prove {/ Q T /„(s, F™, Z™)ds} is a 
cauchy sequence under the norm || • ||z,g. In fact, 

|/„( s ,y\z")-/ m ( s ,y m ,z m )| 

< |/ m ( s , Y n , z n ) - f m ( s , Y m , z m )\ + \f n ( s , Y n , z n ) - f m (s, r, z n )\ 

<L(\Y s \ + \Z s \) + f n + f m , 

which implies the desired result. 

Step 4. / is bounded, Lipschitz. \f(t,u,y,z)\ < CIb(r){h, z) for some 
C, R > 0. Here B(R) = {(y, z)\y 2 + z 2 < R 2 }. 

For any n, by the partition of unity theorem, there exists such 
that e C^°(M 2 ), the diameter of support A(supp(/ijJ)< l/n, < h l n < 1, 
I B(R) < J2f=i h n < !• Then f(t,u,V,z) = T^=xf{^ w ^V' z )K- Choose y\,z l n 
such that h l n {y l n ,z l n ) > 0. Set f n (t, w,y, z) = Y,i=x w > Vw z i)K- Then 

N 

\f(t,u,y,z) - f n (t,uj,y,z)\ < ^ y,z) - < L/n 

i=l 

and 

|/ n (i, w, y, z) - f n (t, u, y', z')\ < L(\y - y'\ + \z- z'\ + 2/n). 
Noting that \f m (s, Y s n , Z?) - f n (s, Y s n , Z n s )\ < (L/n + L/m), we have 
r T or r 'it 

m\ / {\f m { Sl Y^z:)~u Sl Y^z:)\ + — )ds\ a }<T<*(- + — r. 

So by Proposition 13.91 we conclude that {Y n } is a cauchy sequence under the 
norm || • || sg ■ Consequently, {Z n } is a cauchy sequence under the norm || • || #g by 

Proposition 13 . 71 and Proposition 13.81 Now we shall prove { f Q T f n {s,Y^, Z")ds} 
is a cauchy sequence under the norm || • In fact, 

\f n {s,Y n ,Z n )~ f m {s,Y m ,Z m )\ 

< \f m (s,Y n ,Z n ) - f m (s,Y m ,Z m )\ + \f n (s,Y n ,Z n ) - f m (s,Y n ,Z n )\ 

< L(\Y S \ + \Z S \+ 2/m) + L/n + L/m, 
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which implies the desired result. 
Step 5. / is bounded, Lipschitz. 

For any n e N, choose h n € C^°(R 2 ) such that Ib(u) < h n < Zs( n +i) and 
{h n } are uniformly Lipschitz w.r.t. n. Set /„ = fh n , which are uniformly 
Lipschitz. Noting that for m > n 

\f m (s,Y s n ,Z2)-f n (s,Y s n ,ZZ)\ 

< \f{a,Y^,Z2)\I mMz ^ >n ^ 

< ii/ii-^M, 

we have 

E*[( / T \fm(s, YJ\ Z?) - f n (s, Y s n , Z?)\ds) a ] 
Jo 

<MM>E t [([ |f»i + \z:\dsr] 

n Jo 

< MM^ C (a,T)E t [ f \Y s n \ a d S + ( f T \z:\ 2 d S r^}, 

n Jo Jo 

where C(a,T) := 2 a - 1 (T°- 1 + T a ' 2 ]). 

So by Theorem [Hn] and Proposition [XT] we get || fl n > n ds\\ a . £ -> as 
m, n — > oo for any a G (l,/3). By Proposition 13.91 we conclude that {Y n } is 
a cauchy sequence under the norm || • ||gg. Consequently, {Z n } is a cauchy 

sequence under the norm || • ||i7g. Now it suffices to prove {/ Q T / n (s, 1^", Z™)ds} 
is a cauchy sequence under the norm || • ||zg- In fact, 

\f n (s,Y n ,Z n )-f m (s,Y m ,Z m )\ 

< \f m (s, Y n , Z n ) ~ f rn {s, Y m , Z m )\ + |/„(s, Y n ,Z n ) - f rn {s, Y n ,Z n )\ 

< L(\Y S \ + \Z S \) + \f(s,Y s n , Z:)\l [lY n l+m>n] , 

which implies the desired result by Proposition 13.71 
Step 6. For the general /. 

Set /„ = [/ V (—77)] A 77, which are uniformly Lipschitz. Choose < 5 < 
A 1. Then a < a' = (1 + S)a < fi. Since for m > n 

\f n ( S ,Y n ,Z n )-f rn (s,Y n ,Z n )\ < \f(s,Y;\Z?)\I ms . Yr , Yr)l>n] < ^\f(s,Y s n ,Z^)\ 
we have 

Et[( f T \fn(s,Y n , Z n ) - f m (s, Y n , Z n )\ds) a ] 



<-^fi t [( f \f( S ,Y:\z-)\ i+s d S n 

n Jo 



^ C(a,TL,6) tt[ , lfMQr > d3+ I | FsT ' ds+ (/ z^ds) 
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where C(a,T,L,S) := 3«'-i(T Q ~ 1 + L^T^ 1 + r^L 11 '). So by Theorem 
12.131 and Proposition 13.71 we get \\ Jq f™ ,n ds\\ at e — > as m, n — > oo for any 
a e (1, f3). By Proposition 13.91 we know that {Y n } is a cauchy sequence under 
the norm || ■ \\sg- And consequently {Z n } is a cauchy sequence under the norm 

|| • ll^g- Now we prove {f Q T / n (s, V™, Z")ds} is a cauchy sequence under the 
norm || • \\l" ■ In fact, 

|/„( s ,y",z")-/ m ( s ,y m ,z m )| 

< |/ m ( s ,Y",Z") - f m (s,Y m ,Z m )\ + \f n (s,Y n ,Z n ) - f m (s,Y n ,Z n )\ 

< l(\y s \ + \z s \) + ^m i+s + |y;f +s + \z?\ 1+s ), 

which implies the desired result by Proposition 13.71 □ 
Moreover, we have the following result. 

Theorem 4.2 Assume that £ g Lq(Ht) for some (3 > 1 and f, g satisfy (HI) 
and (H2). Then equation ftl.ty) has a unique solution (Y,Z,K). Moreover, for 
anyl<a</3we have Y e S%(0,T), Z e ffg(0,T) and K T G Lg(0 T ). 

Proof. The proof is similar to that of Theorem 14.11 □ 

Remark 4.3 The above results still hold for the case d > 1. 
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